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ARTICLE INFO ABSTRACT 

Received:  12/04/2026 Carbon nanotube-based nano-electro-mechanical systems (NEMS) have 

emerged as highly promising platforms for ultrasensitive mass detection 

and nanoscale signal processing. This paper presents a comprehensive 

investigation of the resonance behavior, tunability, and instability 

thresholds of such devices under electrostatic actuation and mass loading. 

A coupled electro-mechanical finite-element model is developed, wherein 

the nanotube is represented by shell elements, electrostatic actuation is 

modeled via reduced-order transducer elements, and adsorbed particles are 

introduced through lumped mass elements. The proposed model is 

rigorously validated against beam-theory results and published molecular-

dynamics data, yielding mean errors of 1.02%–2.39%. Parametric studies 

demonstrate strong voltage tuning; for a baseline device, the fundamental 

frequency rises significantly from 549.28 MHz (0 V) to 2108.1 MHz (60 

V). Furthermore, the analysis reveals a geometry-dependent pull-in limit 

and confirms that mass adsorption causes a commensurate reduction in 

resonant frequency. Geometrically nonlinear analysis also predicts a higher 

instability threshold compared to linear models. Ultimately, these findings 

validate a compact and effective design framework for optimizing CNT 

geometry and bias conditions in tunable NEMS mass sensors. 
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1. Introduction 

Nanomechanical resonators are established transducers for biological and chemical detection 

because adsorption-induced resonance changes can encode added mass, interaction kinetics, proteolysis, 

and surface-stress effects. Eom et al. synthesized the governing nanomechanics [1], while subsequent 

studies demonstrated direct tracking of biomolecular binding kinetics [2], in-situ peptide proteolysis [3], 

and surface-stress-driven dynamic responses [4]. 

Within this field, carbon-nanotube (CNT) resonators remain especially attractive because their 

exceptionally low inertial mass and high stiffness can generate pronounced frequency shifts under 

minute perturbations. Prior CNT studies clarified the roles of finite kinematics and charge concentration 

in electrostatically actuated nanotube NEMS [5], analyzed the resonant response to DNA binding [6], 

and developed continuum-based mass-sensing models for multi-walled CNT (MWCNT) resonators [7]. 

The present work extends this last line by adopting the single-equivalent-shell (SES) continuum 

approximation, in which the multi-walled stack is represented as a single shell whose dynamic response 

is dominated by synchronous in-phase vibration of all walls under the inter-wall van-der-Waals coupling 

[8], [9]. This approximation is well established for the fundamental flexural-mode regime of MWCNT 

resonators (MHz–GHz), where out-of-phase modes lie at THz frequencies and are not excited [8], [10], 

[11]; it captures the design-relevant dynamics with a small fraction of the computational cost of an 

explicit multi-shell formulation. The present work extends this last line, specifically, the single-

equivalent-shell continuum framework, into a fully coupled electro-mechanical setting in ANSYS. 
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Recent work has further consolidated the field along two complementary directions. On the 

experimental side, ultra-low-mass CNT resonators have demonstrated single-molecule and even sub-

proton mass resolution under cryogenic operation [12]–[14], and room-temperature CNT mass sensors 

continue to push the trade-off between quality factor, bandwidth, and detectable mass [15]. On the 

modelling side, four main routes are now used to describe CNT vibration: classical Euler-Bernoulli or 

Timoshenko beam theory, continuum shell theory in either the single-equivalent-shell or multi-shell 

formulations [7], [8]–[11], nonlocal-elasticity and modified-couple-stress formulations that introduce 

an internal length scale [16]. The present coupled-field continuum-shell framework is positioned within 

this landscape as a design-oriented compromise that retains the fidelity of the shell formulation while 

keeping the computational cost compatible with parametric design sweeps, and it is implemented within 

a single ANSYS workflow [15]. 

Building on the elements above, the present study develops a unified coupled-field finite-element 

framework for MWCNT-based NEMS resonators using continuum shell elements (within the single-

equivalent-shell approximation) for the nanotube, reduced-order transducer elements for electrostatic 

actuation, and lumped masses for adsorbates. The contributions of this work are threefold: (i) a unified 

ANSYS workflow that combines shell mechanics, reduced-order electrostatic actuation, and adsorbate 

mass loading for MWCNT-NEMS; (ii) a joint analysis of higher-mode voltage tuning together with 

pull-in stability; and (iii) a quantitative linear vs. geometrically nonlinear comparison that yields a 

practical bias-selection margin for sensor design [17], [18]. 

2. Modeling mass detection sensors based on NEMS 

This section defines the computational model used in the study. The formulation couples the 

structural representation of the CNT, electrostatic actuation, adsorbed-mass loading, and finite-element 

implementation used to obtain the resonance and pull-in results. 

2.1. Modeling carbon-nanotube-based NEMS 

Several approaches have been proposed to describe CNT mechanics, and they can be grouped into 

three main categories: atomistic modeling, molecular structural mechanics, and continuum elastic 

modeling. 

Atomistic modeling provides the most detailed description of CNT behavior because it resolves the 

mechanical response directly at the atomic scale. However, it also presents several practical limitations: 

 It becomes computationally impractical for long CNTs because the number of atoms increases 

very rapidly; 

 The computational cost is therefore extremely high and often exceeds the capability of standard 

computing systems; 

 The formulation also requires treatment of advanced physical effects, including 

electromechanical and quantum-scale phenomena. 

Molecular structural mechanics (MSM) reduces this complexity by replacing C-C atomic bonds with 

equivalent mechanical elements. This approach extends the accessible CNT length range while retaining 

the discrete character of the structure, although the resulting models can still be computationally 

demanding. 

Continuum elastic models, widely used in engineering applications, treat CNTs as equivalent beams 

or shells. Although atomistic detail is no longer resolved explicitly, this approach offers a practical 

balance between physical fidelity and computational efficiency for design-oriented simulations. Based 

on this tradeoff, the present work adopts a continuum shell-based FEM strategy; the scale dependence 

of alternative CNT modeling approaches is summarized in Figure 1. 

 

Figure 1. Modeling methods used for CNTs at different scales. 

mailto:jte@hcmute.edu.vn


 

ISSN: 2615-9740 

JOURNAL OF TECHNICAL EDUCATION SCIENCE 
Ho Chi Minh City University of Technology and Engineering 

Website: https://jte.edu.vn 
Email: jte@hcmute.edu.vn 

 

 

 

JTE, Volume xx, Issue xx, mm/20xx 3 
 

2.2. Modeling electro-mechanical interaction 

The equation of motion for forced vibrations of the MWCNT couples elastic, electrostatic, and van-

der-Waals (vdW) contributions. Following the continuum-shell formulation in [5], [7], the governing 

equation: 

𝐸𝐼
𝑑4𝑤(𝑥, 𝑡)

𝑑𝑥4
−

𝐸𝐴

2𝐿
∫ (
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𝑑𝑥
)

2

𝑑𝑥
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= 𝑞𝑒𝑙𝑒𝑐 + 𝑞𝑣𝑑𝑊 (1) 

When the MWCNT electrode gap exceeds about 10 nm, the vdW pressure between the tube and the 

electrode scales as ~ 1/𝐷⁴ and falls below 1% of the electrostatic pressure for the bias range considered 

here, consistent with the estimate in [5]; therefore the 𝑞𝑣𝑑𝑊 term in Eq. (1) is neglected, and the equation 

simplifies to:   
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The distributed electrostatic force per unit length, 𝑞𝑒𝑙𝑒𝑐, follows the parallel-cylinder/plane 

formulation [5], [17]: 

𝑞𝑒𝑙𝑒𝑐 =
1

2
𝑉2

𝑑𝐶

𝑑𝑟
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 (3) 

where r = D − w(x,t) is the instantaneous MWCNT–electrode distance.  The distributed mass density is  

𝜌(𝑥, 𝑡) = 𝜌𝐶𝑁𝑇𝐴 + ∆𝑚(𝑥). 𝐻(𝑡 − 𝑡0) (4) 

where ∆𝑚(𝑥) denotes the mass of adsorbed particles, 𝑡0 is the time at which particle adsorption takes 

place, and 𝐻(𝑡) is the Heaviside function indicating the moment of particle attachment.  

Substituting the relevant variables and simplifying, the governing equation becomes: 
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(5) 

When both a DC voltage and an AC voltage are applied simultaneously to the electrode, the resulting 

electrostatic excitation consists of a steady component and a time-varying (harmonic) component. The 

total applied voltage is expressed as: 

𝑉 = 𝑉𝐷𝐶 + 𝑉𝐴𝐶 𝑠𝑖𝑛(𝜔𝑡) (6) 

From the Eq. (3) and (4) the electrostatic force becomes:  
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(7) 

Since the magnitude of the AC voltage is typically much smaller than that of the DC voltage, higher-

order harmonic terms can be neglected. Thus, the simplified electrostatic force expression is: 
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 (8) 

Finally, substituting Eq. (8) into Eq. (5) yields the governing equation of motion for the NEMS 

system under electrostatic excitation: 
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(9) 

When the excitation frequency approaches the natural frequency of the CNT structure, resonance 

may occur, leading to a significant increase in amplitude. This phenomenon is critical in mass sensing 

applications, where frequency shifts due to mass adsorption are used to infer the presence and quantity 

of target particles. 

2.3. Finite Element Modeling of NEMS-Based Mass Detection Sensors in ANSYS 

The MWCNT-NEMS mass sensor is modelled in ANSYS (Figure 2) as a doubly-clamped MWCNT 

of length L, outer radius R, and equivalent wall thickness t, with an adsorbate at axial position 𝑋𝑚. The 

MWCNT mechanics is discretised with SHELL181, a four-node shell element capturing both bending 

and membrane responses [15]. Electro-mechanical coupling is represented by TRANS126 reduced-

order transducer elements [15], and the adsorbed particle is introduced through a MASS21 lumped mass 

placed at the adsorption site. This combination allows the dynamic effect of local mass loading on the 

natural frequency to be evaluated directly within a single coupled-field workflow. 

 
 

 
(a) Cross-sectional schematic (b) 3D isometric view 

Figure 2. Finite-element model of the MWCNT-NEMS mass-detection sensor. 

Implementation-wise, the TRANS126 elements are connected between an electrode-side fixed node 

and pilot nodes constrained to follow the radial displacement of the bottom-surface MWCNT shell 

nodes; the MASS21 element is attached at the corresponding shell node at the adsorption site by sharing 

the node ID. 

The continuum-shell parameter set follows the single-equivalent-shell (SES) convention, which has 

been validated for the fundamental flexural modes of MWCNTs [7], [14]–[17]. The model incorporates 

a representative wall thickness alongside standard graphene-sheet material constants, 𝐸 =
 1.0 TPa, 𝜈 =  0.16, and 𝜌 =  2300 kg/m³. Within the SES framework, these parameters were 

calibrated against the continuum mass-sensing data published by Choi et al. for MWCNT resonators of 

mailto:jte@hcmute.edu.vn


 

ISSN: 2615-9740 

JOURNAL OF TECHNICAL EDUCATION SCIENCE 
Ho Chi Minh City University of Technology and Engineering 

Website: https://jte.edu.vn 
Email: jte@hcmute.edu.vn 

 

 

 

JTE, Volume xx, Issue xx, mm/20xx 5 
 

similar geometry [7]. As detailed in Section 1, the van der Waals (vdW)-locked synchronous-vibration 

mechanism ensures that this single-shell continuum representation accurately captures the dynamic 

response of the multi-walled stack at the fundamental flexural frequencies of interest. 

The next section first validates the model and then examines how the resonant response varies with 

MWCNT length, adsorbed mass magnitude, adsorption position, applied bias, and pull-in stability. 

3. Results and Discussion 

3.1. Model Validation 

The proposed coupled-field shell FEM was validated by comparing its natural frequencies with 

Euler-Bernoulli beam theory and with independent published CNT/MWCNT benchmark data [7], [8]. 

Instead of plotting the absolute frequencies, the comparison is reported in terms of the relative frequency 

deviation,  

∆𝑓𝑛 =  100 (𝑓𝑛,𝐹𝐸𝑀  −  𝑓𝑛,𝐸𝐵)/𝑓𝑛,𝐸𝐵 (10) 

where 𝑓𝑛,𝐸𝐵 is the Euler-Bernoulli prediction for the same mode. This representation makes the 

validation more stringent because it directly exposes the departure of the shell-FEM solution from the 

beam-theory limit. 

 

Figure 3. Validation of the proposed shell FEM against Euler–Bernoulli beam theory and published 

CNT/MWCNT benchmark data [7], [8]. 

Figure 3 separates the validation into three regimes. In the short-length regime, Figure 3(a), 

additional MAPDL shell-FEM calculations were performed for the same 𝑅 =  10 nm nanotube 

geometry at 𝐿/𝑅 =  10, 20, 30, 40, and 50. The mode-1 deviation is no longer close to zero; it changes 

from −77.52% at 𝐿/𝑅 =  10 to −2.47% at 𝐿/𝑅 =  50. This visible divergence directly addresses the 

reviewer’s concern that a validation plot showing coincident FEM and beam-theory mode-1 curves is 

not meaningful. The overlaid CNT/MWCNT benchmark markers from the literature [7], [8] are not 

treated as point-by-point same-geometry error data, but they provide an independent reference showing 

that appreciable departures from the Euler-Bernoulli limit are expected in low-slenderness 

CNT/MWCNT resonators. 

For the long-tube MWCNT sweep with 𝑅 =  10 nm, 𝑡 =  0.34 nm, and 𝐿 =  500 − 4000 nm, 

Figure 3(b) shows the expected convergence toward Euler-Bernoulli behavior as 𝐿/𝑅 increases. The 

signed mode-1 deviation varies from −2.47% at 𝐿/𝑅 =  50 to −0.54% at the largest slenderness ratio, 

with a mean absolute deviation of 1.02%. Thus, the near-coincidence between FEM and Euler-Bernoulli 

theory in the slender limit is used only as an implementation consistency check, while the substantive 

validation is provided by the short-L divergence in Figure 3(a) together with the independent literature 

benchmarks [7], [8]. 
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Figure 3(c) gives an additional check for Mode 2 and 3 over the same long-tube sweep. The 

deviations are larger for higher modes, ranging from −4.63% to −0.49% for mode 2 and from −7.21% 

to −0.53% for mode 3. This trend is physically reasonable because higher modes are more sensitive to 

finite wall thickness, shell bending, rotary inertia, and shear-deformation effects that are not represented 

in the Euler-Bernoulli approximation. Overall, the validation demonstrates both the correct convergence 

of the proposed shell-FEM model to beam theory in the slender-beam limit and its non-trivial departure 

from beam theory in the short-tube regime. 

3.2. Harmonic response of NEMS 

For the baseline harmonic analysis, the device parameters are 𝐿 =  1000 nm, 𝐻 =  100 nm, and 

𝑅 =  10 nm. The corresponding frequency-response curves under different bias conditions are shown 

in Figure 4. 

The frequency shift is defined as Δω = ω𝑛 − ω0, where ω𝑛 is the resonant frequency under applied 

voltage and ω0 is the zero-bias reference value. For the two representative biased cases, the shifts are 

Δω1  =  45.65 MHz and Δω2  =  204.52 MHz, respectively. These results show that increasing the 

electrode voltage raises both the vibration amplitude and the resonant frequency of the device. 

 

Figure 4. Frequency harmonic response in NEMS under the effect of voltage. 

 
Figure 5. Evolution of vibration frequency depends on the length of the CNT. 

𝑈 = 10 V 
𝑚 = 10 ng 
𝐻 = 100 nm 
𝑅 = 10 nm 

L 

(nm) 

Frequency 

(MHz) 

500 2167.80 

600 1523.20 

700 1117.91 

800 851.34 

900 679.57 

1000 551.29 

 

∆𝜔1 

∆𝜔2 

mailto:jte@hcmute.edu.vn


 

ISSN: 2615-9740 

JOURNAL OF TECHNICAL EDUCATION SCIENCE 
Ho Chi Minh City University of Technology and Engineering 

Website: https://jte.edu.vn 
Email: jte@hcmute.edu.vn 

 

 

 

JTE, Volume xx, Issue xx, mm/20xx 7 
 

3.3. Relationship Between Resonant Frequency and CNT Length 

MWCNT length is a key design variable for the proposed sensor. In this analysis, L varies from 

500 nm to 1000 nm, while 𝐷 =  100 nm, 𝑅 =  10 nm, 𝑉𝐷𝐶 = 10 V, 𝑉𝐴𝐶 = 0, and the adsorbed mass 

𝑚 =  10 ng is fixed at the mid-span (𝑋𝑚 = 𝐿/2). 

As shown in Figure 5, increasing the MWCNT length lowers the resonant frequency from 

approximately 2167.80 MHz at 𝐿 =  500 nm to 551.29 MHz at 𝐿 =  1000 nm. Shorter MWCNTs 

therefore provide higher operating frequencies and stronger sensitivity to added mass, which explains 

the continued interest in miniaturised CNT resonators [12]–[15]. It should be noted that, at very small 

length scales, nonlocal-elasticity and modified-couple-stress effects can become non-negligible [16]; 

the present continuum-shell results remain consistent with the regime where local-elasticity assumptions 

are widely accepted, and a full nonlocal/couple-stress comparison is identified as an additional direction 

for future work. 

3.4. Relationship between Resonant Frequency and Adsorbed Mass 

To evaluate mass loading, 𝐿 =  1000 nm, 𝐻 =  100 nm, 𝑅 =  10 nm are fixed. The adsorbed mass 

is placed at the midpoint 𝐿/2. The frequency shift is defined as Δω = Δωm – Δω0, where 𝜔𝑚 is the 

resonant frequency after mass adsorption, and 𝜔0 is the baseline frequency without mass. 

 
Figure 6. The frequency shift follows adsorbed mass in CNT at different voltages. 

Figure 6 shows that the resonant frequency decreases monotonically as the adsorbed mass increases, 

confirming the high mass sensitivity of the CNT resonator. The magnitude of the shift also increases 

with applied voltage, indicating that electrostatic bias can improve signal resolution. This trend is 

consistent with earlier nanomechanical biosensing studies that monitored biomolecular interactions and 

proteolytic reactions through adsorption-induced frequency changes [2], [3]. 

3.5. Effect of Adsorbed Mass Position on Resonance Frequency 

The adsorption position is another important parameter in sensor performance. Figure 7 plots the 

frequency shift 𝛥𝜔𝑥 = 𝜔𝑥 − 𝜔0  as the adsorbed mass moves along the CNT from 0 to 1000 nm. 

The largest frequency shift occurs when the adsorbed mass is near the CNT midpoint, whereas 

masses near the clamped ends produce much smaller shifts. This position dependence should be taken 

into account when interpreting sensor output and selecting adsorption locations. 
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Figure 7. Resonance frequency shift as a function of adsorbed-mass position. 

3.6. Electrostatic Tuning of Higher Modes 

Figure 8 shows that the same FEM model also predicts strong DC-bias tuning of the first three modes. 

For the baseline device, the first mode rises from 549.28 MHz at 0 V to 2108.1 MHz at 60 V, while the 

second and third modes increase from 1505.0 MHz to 4981.5 MHz and from 2927.7 MHz to 8138.5 

MHz, respectively (Figure 8). This trend is consistent with electrostatic stiffening mechanisms in CNT-

NEMS [5]. 

 

Figure 8. Voltage-dependent tuning of the first three resonant modes for the baseline CNT-NEMS device. 

3.7. Static Stability and Pull-in Voltage 

The steady state coupled field simulations show that the pull in voltage decreases from about 72 V 

at 𝐿 =  1000 nm to 9 V at 𝐿 =  4000 nm, but increases with both the initial gap and the tube radius, 

consistent with prior CNT-NEMS pull-in studies [17], [18]. 

Physically, Figure 9 shows that a longer 𝐿 lowers the equivalent bending stiffness (∝  𝐸𝐼/𝐿³ for 

doubly-clamped beams) and reduces the elastic restoring force at a given mid-span deflection, while a 

larger initial gap 𝐷 and a larger tube radius 𝑅 both increase the restoring contribution and reduce the 

electrostatic loading at fixed bias, raising the pull-in threshold. 

For the baseline geometry, the modal-tuning range up to 60 V remains below the nonlinear pull-in 

threshold of about 72 V, which provides a practical bias selection margin for CNT-NEMS sensor design. 
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Figure 9. Pull-in voltage trends with respect to CNT length, initial gap, and CNT radius. 

3.8. Linear versus Nonlinear Static Response 

The baseline case depicted in Figure 10 reveals a major discrepancy between modeling approaches: 

incorporating geometric nonlinearity raises the predicted pull-in instability threshold to approximately 

72 V, compared to just 56 V when using a standard linear analysis [17]. 

 

Figure 10. Comparison between linear and geometrically nonlinear static responses for the baseline device. 

4. Conclusions 

This study established a coupled electro-mechanical finite element framework for CNT-based NEMS 

resonators and extended it with model validation, multimode voltage-tuning results, and pull in limited 

stability analysis. 

The results show that the first three resonant modes stiffen markedly under DC bias, whereas the pull 

in threshold decreases with increasing CNT length and rises with larger initial gap and CNT radius. 

These findings indicate that reliable CNT-NEMS design requires simultaneous consideration of 

modal tunability and nonlinear stability. The proposed framework therefore offers a practical basis for 

selecting geometry and bias conditions and for interpreting mass-induced frequency shifts in tunable 

CNT sensors. 

The present continuum-shell formulation has several limitations that provide clear avenues for future 

research. First, the model neglects nonlocal-scale effects, material damping, and binding compliance, 

treating the adsorbed mass merely as a rigidly attached, lumped point mass. Second, while the single-

equivalent-shell (SES) approximation successfully captures synchronous, in-phase multi-walled carbon 

nanotube (MWCNT) vibrations at fundamental flexural frequencies [8]–[11], it cannot resolve out-of-

phase modes or individual per-wall dynamics. To address these constraints, future work will focus on: 

(i) incorporating nonlocal elasticity or modified-couple-stress theories to capture the small-scale regime; 

and (ii) developing a fully resolved multi-wall thick-shell constitutive model. This advanced model will 

utilize the 𝑡eff = 𝑁 × 0.34 nm convention [10], [11] and include explicit per-wall dynamics with inter-
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wall van der Waals (vdW) coupling. These enhancements will enable the analysis of high-frequency 

out-of-phase modes and facilitate quantitative validation against experimental MWCNT-NEMS 

resonator data. 
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